We construct new examples of contact manifolds in arbitrarily large dimensions. These manifolds which we call quasi moment-angle manifolds, are closely related to the classical moment-angle manifolds.
Introduction.
The topology of intersection of quadrics in C n of the form:
ρ (z 1 , . . . , z n ) := ∈ C m for m 1, n > 3 such that n > 2m and the configuration Λ = (λ λ λ 1 , . . . , λ λ λ n ) satisfying an admissibility condition, has been studied by different authors. For instance, S. López de Medrano and A. Verjovsky in [16] studied the case m = 1. In this case, these intersections are diffeomorphic to a triple product of spheres or to the connected sum of manifolds which are the product of two spheres of varying dimensions. The generalization to m > 1 is due to L. Meersseman in [20] in which it is remarked their very beautiful and rich geometry and topology (see also the paper by S. Gitler and S. López de Medrano [12] ).
For every m ≥ 1 these manifolds are known as moment-angle manifolds and we denote them by M (Λ,m,n)
1
. They are principal circle bundles over compact complex manifolds which are never Kähler except in few cases (see [16] and [20] ). These manifolds have been extensively studied by V. Buchstaber and T. Panov, among others (see [3] , [6] and [8] for instance).
Moment-angle manifolds are also interesting since they have the structure of open books, and they admit different geometric structures such as: almost contact structures and quasi contact structures (see [12] and [4] ). Momentangle manifolds admit a locally free action of R 2k (1 ≤ k ≤ m) (see [20] ) and therefore the orbits determine a symplectic foliation in a natural way and as a consequence they are regular Poisson manifolds (see [23] ).
In [21] it was shown that for every m ≥ 1 the compact complex manifold (which in general is non Kähler), obtained as the orbit space of the principal circle action on a moment-angle manifold, admits a locally-free holomorphic action of C m . Furthermore the m-dimensional holomorphic foliation F h obtained by this action is a transversally Kähler foliation (see [14] ).
Under a rationality condition on the configuration of vectors Λ the leaf space of F h is Hausdorff and it is a toric algebraic variety or a toric algebraic orbifold. In addition, every toric manifold (or orbifold with quotient singularities) is obtained by this construction. The set of configurations satisfying the rationality condition is dense in the set of configurations.
A fundamental paper intertwining real quadrics in C n , complex manifolds and combinatorics of polytopes is the paper of L. Meersseman and F. Bosio [5] in Acta Mathematica.
In section 3 we define a generalization of moment-angle manifolds, which we call quasi moment-angle manifolds, obtained by the intersection of the following non coaxial quadrics (see [13] for case m = 1):
• For m = 1 and s ≥ 1: where λ j ∈ C for all j ∈ {1, . . . , n}.
• For m > 1: ∈ C m for all j ∈ {1, . . . , n}.
In the first case, the manifolds obtained are connected sums of products of two spheres (see [13] ) and also admit an open book decomposition (see [12] , [15] and [4] ).
Observe that when s = 0 and w w w 2 = (0, . . . , 0) ∈ C m , in the first and second case, respectively, we obtain a moment-angle manifold M (Λ,m,n) 1 .
In section 3 we introduce an idea originally conceived by S. J Altschuler in [1] and generalized by S. J. Altschuler and F. Wu in [2] about conductive confoliations, i.e. confoliations that are able to conduct contactness to all points of a manifold via paths with certain characteristics (essentially by Legendrian curves when the 1-form is a contact form).
We will show that the canonical 1-form in C N given by
(z j dz j −z j dz j ) when restricted to the tangent bundle of a moment-angle manifold is nontrivial and [ker(α) ∩ ker(dα)] is a regular Poisson structure whose symplectic foliation is tangent to a locally free action of an 2m-torus T 2m = S 1 ×. . .×S 1 . On the other hand, for a quasi moment-angle manifold this real 1-form can be deformed into a contact form, by an arbitrarily small C ∞ perturbation.
Our construction is in some sense explicit since is the instantaneous diffusion through the heat flow of an explicit 1-form which is a positive confoliation.
In section 4 we give some concluding remarks indicating that quasi momentangle manifolds admit an action of a torus such that the orbit space is a polytope which is the product of two simple polytopes and as a consequence their topology can be determined by combinatorics and algebra associated to polytopes (see [6] , [7] and [3] ).
2 Moment-angle manifolds.
Let m and n be two positive integers such that m 1, n > 3 and n > 2m. Let Λ = (λ λ λ 1 , . . . , λ λ λ n ) be an n-tuple of vectors in C m , with λ λ λ j = λ 
Definition 1.
[20] An admissible configuration is an n-tuple Λ satisfying the following:
1. Siegel condition: 0 ∈ H(Λ).
2. Weak hyperbolicity condition: for every 2m-tuple of integers {j 1 , . . . , j m } such that 1 j 1 < . . . < j 2m n, we have
In other words: The convex polytope H(Λ) contains 0, but any hyperplane passing through 2m vertices does not contains 0.
Every admissible configuration satisfies the following regularity property:
with i ∈ {1, . . . , n}. For all set of integers J between 1 and n such that 0 ∈ H ((λ λ λ j ) j∈J ), the complex rank of the matrix whose columns are the vectors λ λ λ for all j ∈ {1, . . . , n}. Consider the following system of quadratic equations:
where Z = (z 1 , . . . , z n ).
The weak hyperbolicity condition implies that if Z = (z 1 , . . . , z n ) is a point on the manifold defined by system (2) and equation (3), then at least 2m + 1 coordinates of Z are different from zero, which in turn implies that the rank of the jacobian matrix of the system (2), is maximal.
It has been shown in [20] that the intersection of the hypersurfaces defined by this quadratic equations is a manifold of real dimension 2n − 2m − 1 that we denote by M (Λ,m,n)
We denote by M (Λ,m,n) the manifold in C n − {(0, . . . , 0)} obtained by system (2) . M (Λ,m,n) is indeed a manifold since it is shown in [20] that if the admissibility condition is satisfied, the only singularity of the variety given by (2) is the origin.
where |u i |= 1 for all i. There exists a subtorus T 2m+1 which acts locally-free.
The orbit space of this action is a full simple polytope of dimension n−2m−1.
For these facts see [20] .
Consider, for a j a positive integer with j ∈ {1, . . . , n}, the following real
is a nontrivial form.
Remark. We will consider a j = 1 for all j ∈ {1, . . . , n} since the other cases are completely analogous.
, the linear function
is trivial if and only if there exist T ∈ C and µ ∈ R such that:
This is because the set of forms in the right-hand side of this equation is a (2m + 1)-dimensional real vector space and any form of this type vanishes on
is also (2m+1)-dimensional. Indeed: for all k ∈ {1, . . . , m}, the real differential forms
are, by hypothesis, linearly independent since the hypersurfaces defined by
, . . . , m}, then the set of real 1-forms vanishing identically on
is of dimension 2m + 1. Therefore any 1-form vanishing iden-
Therefore the set of linear forms defined by the right hand side is exactly the set of forms that vanish identically on
Comparing coefficients in equation (4) we conclude that the origin Z = (0, . . . , 0) is the unique point which satisfies the last equations. But the origin is not in M (Λ,m,n)
1
. We conclude that α is nontrivial on M (Λ,m,n) 1 . We will be denote by K α (Z) the kernel of α at the point Z ∈ M (Λ,m,n)
. The system (5) corresponds to the following equations:
Comparing coefficients in equation (6) we have:
where T 1 , . . . , T m ∈ C and µ ∈ R.
The vector v(T 1 , . . . , T m , µ; Z) is automatically tangent to the sphere S 2n−2m+1
and satisfies the condition dF k (v) = 0 for all k ∈ {1, . . . , m}.
Proof. Since Λ is admissible the (2m + 1) × (2m + 1)-real matrix whose rows are λ Then, ker(dα Z ) has real dimension 2m + 1 and we finish the proof of the proposition.
Let v (T 1 , . . . , T m , µ; Z) a vector in ker(dα Z ). We want to know when this vector is in the kernel of α Z ; i.e., when v (T 1 , . . . , T m , µ; Z) satisfies the following equation:
It follows that µ = 0.
where vectors v(T 1 , . . . , T m , 0; Z) are of the form:
Therefore:
Remark 2. By a general version of Darboux's theorem (see [22] , Chapter 3, Theorem 6.2), for each Z ∈ M (Λ,m,n) 1 there exist local coordinates
in an open neighborhood U of Z such that the 1-form α can be written as
where Z ′ ∈ U , in this neighborhood is the distribution which is tangent to the foliation in U whose leaves are z = constant,
is tangent to a foliation F α . Since dα is a non degenerate closed 2-form, when restricted to the foliation F α we have that F α is a symplectic foliation with leaves of dimension 2m. given by
These leaves are tangent to vectors of the form (7).
From the previous remark it follows:
Proposition 2. Let m ≥ 1, n > 3 such that n > 2m and Λ be an admissible configuration. Then the (2n − 2m − 1)-moment-angle manifold M (Λ,m,n) 1 associated to Λ has a regular Poisson structure, whose associated symplectic foliation F = F (Λ,m,n) is of dimension 2m.
3 Quasi moment-angle manifolds.
We define a generalization of the moment-angle manifolds, already defined, which are obtained by adding the sum of squares of new complex variables and we call them quasi moment-angle manifolds.
First we consider the case when m = 1, n > 3 and s ≥ 1.
Let X = (w 1 , . . . , w s , z 1 , . . . , z n ) ∈ C n+s . Let Λ = (λ 1 , . . . , λ n ) be an admissible configuration, with λ j ∈ C for all j ∈ {1, . . . , n}. 
is called quasi moment-angle manifold of type (Λ, 1, n + s).
Definition 3. We denote by M (Λ,1,n+s) the manifold consisting of all points (8).
is indeed a manifold since the only singularity of the variety determined
by (8) is the origin.
In [13] it was shown that M
is indeed a manifold. This is true since
is transverse to the unit sphere.
If one deforms continuously an admissible configuration Λ 0 through a family {Λ t } t∈(0,1) , in such a way that Λ t is admissible for all t ∈ (0, 1), then the corresponding manifolds are isotopic submanifolds of the unit sphere.
Therefore, the manifolds are isotopic to manifolds which correspond to configurations given by the vertices of regular polygons with an odd number 2ℓ + 1 of vertices with a positive weight attached at each vertex, since every admissible configuration can be continuously deformed to such a configuration (see [20] and [5] ).
In other words, the manifolds are determined, up to diffeomorphism, by cyclic sequences of integers n 1 , . . . , n 2ℓ+1 , with 
Remark 6. We will consider a r = b j = 1 for all r ∈ {1, . . . , s} and j ∈ {1, . . . , n} since the other cases are completely analogous.
is trivial if and only if there exist T ∈ C and µ ∈ R such that
This is because the set of forms in the right-hand side of this equation is a three dimensional real vector space and any form of this type vanishes on T X M (Λ,1,n+s)
is also three dimensional. Indeed: the real differential forms
are, by hypothesis, linearly independent. Let v ∈ T X M (Λ,1,n+s)
, we have that ω 1 (X) = ω 2 (X) = ω 3 (X) = 0, then the set of real 1-forms vanishing identically on
is of dimension three. Therefore any 1-form vanishing identically
Comparing coefficients in equation (10) we have:
Then we conclude the following:
• For s = 1 the unique point satisfying equations (11) and (12) is the origin (0, 0, . . . , 0) ∈ C n+1 . However, the origin is not in M (Λ,1,n+s)
1 .
• For s > 1 we have that the points satisfying equations (11) and (12) are of the form (w 1 , . . . , w s , 0, . . . , 0) ∈ C n+s where at least two w r = 0. But in this case, the equations F s (X) = 0 and ρ s (X) = 1 define the Brieskorn manifold w 2 1 + · · · + w 2 s = 0 in the unit sphere and α = i [ s r=1 (w r dw r −w r dw r )] is a contact form on such manifolds as shown in [17] , in particular is non trivial on it.
We conclude that α is non trivial on M (Λ,1,n+s) 1 for all s ≥ 1.
We will be denote by K α (X) the kernel of α at the point X ∈ M 
. The system (13) corresponds to:
Comparing coefficients in equation (14) we have:
where ι v dα = 0 i.e, vectors in the kernel of dα at X = (w 1 , . . . , w s , z 1 , . . . , z n ) are of the form:
where T ∈ C and µ ∈ R.
The vector v(T, µ; X) has to be tangent to the sphere S 2n+2s−1 , and therefore it must satisfy this condition:
In other words:
If w 2 1 + · · · + w 2 s = 0 , T depends only on a real parameter because it must be of the form
If w 2 1 + · · · + w 2 s = 0, T can be any complex number.
The condition dF s (v) = 0 and v(T, µ; X) ∈ S 2n+2s−1 implies:
If w 2 1 + · · · + w 2 s = 0 we have that µ depends on t as follows:
If w 2 1 + · · · + w 2 s = 0 then µ can be an arbitrary real number.
Therefore at a point where w 2 1 + · · · + w 2 s = 0, vectors in the kernel of dα X depend only on a real parameter t so the kernel of dα X has dimension one.
At a point where w 2 1 + · · · + w 2 s = 0 , vectors in the kernel of dα X depend on the complex number T and a real number µ so the kernel of dα X has dimension three, in other words the kernel of dα X consists of all vectors of the form:
Let W be the set of points (w 1 , . . . , w s , z 1 , . . . , z n ) of M Let v(T, µ; X) a vector in ker(dα X ). We want to know when v(T, µ; X) is in K α (X); in other words, when v(T, µ; X) satisfies the following equation:
it follows that µ = 0.
Hence, if w 1 = 0 we have µ = −2t|w 1 | 2 = 0, we have that t must be equal to zero.
Therefore in the set of points X = (
such that w 1 = 0, the dimension of the subspace [K α (X) ∩ ker(dα X )] is zero. It follows that the 1-form α is a contact form in M 
Hence [K α (X) ∩ ker(dα X )] is a two dimensional space parametrized by T ∈ C.
Definition 4. We will denote this 2-dimensional vector space at the point X ∈ W by Π(X).
Remark 7.
Again by remark 2, it follows that the 2-dimensional distribution Π(X) is tangent to a foliation F α . Since dα is a non degenerate closed 2-form, when restricted to the foliation F α we have that F α is a symplectic foliation with leaves of dimension 2.
Let now m > 1, n > 3 such that n > 2m.
Let Λ = (λ λ λ 1 , . . . , λ λ λ n ) be an n-tuple of vectors in C m , with λ λ λ j = λ 1 j , . . . , λ m j for all j ∈ {1, . . . , n} and let w k ∈ C for all k ∈ {1, . . . , m}.
Let consider the following system of quadratic equations:
We use the notation
Proposition 4. The set of zeros of system (15) is a regular manifold outside of the origin if and only if, for all collection K ⊂ {1, . . . , m} the set of zeros of the system
is a regular manifold outside the origin.
Proof. ⇒) Let suppose that the set of zeros of (15) is non a regular manifold outside the origin. Let (W, Z) = (0, 0) a singular solution of (15), where W = (w 1 , . . . , w m ) and Z = (z 1 , . . . , z n ).
Let K be the set of k ∈ {1, . . . , m} such that w k = 0. We can assume that K = {r + 1, . . . , m}, with 1 ≤ r ≤ m. Then the jacobian matrix of system (15) is the following:
where 0 2(m−r)×2m is the 2(m − r) × 2m-zero matrix and W 2r×2m is a 2r × 2m-diagonal matrix of rank 2r, where the elements in the diagonal are 2 × 2-matrices. A 2r×2n is the 2r × 2n-jacobian matrix of the system given by equations F k (Z) for k ∈ {1, . . . , r} and B 2(m−r)×2n is the 2(m − r) × 2n-jacobian matrix of the system (16) with k ∈ K = {r + 1, . . . , m}, then rank(B) < 2(m − r) in the point Z = (z 1 , . . . , z n ).
Observe that if Z = (0, . . . , 0) then w k will be 0 for all k ∈ {1, . . . , m}.
Then the set of zeros of the system (16) is non a regular manifold outside the origin.
⇐) Suppose that B 2(m−r)×2n is singular in the point Z = 0 which is a solution of the system (16) and let w k = 0 for k ∈ K = {r + 1, . . . , m}. Observe that Z is a solution of the equations F k (Z) = 0 for k ∈ {1, . . . , r}. We can find w k for k ∈ {1, . . . , r} such that G k ((W, Z)) = 0 for k ∈ {1, . . . , r}.
Then, the point (W, Z) is a solution of (15) and the rank of the jacobian matrix of (16) is less than 2m.
Proposition 5. Let m ≥ 1, n > 3 such that n > 2m. Let Λ = (λ λ λ 1 , . . . , λ λ λ n ) an n-tuple of vectors in C m and let w k ∈ C for all k ∈ {1, . . . , m}. The intersection of the hypersurfaces defined by the following system of equations:
. . .
2. for all collection of k ∈ {1, . . . , m} such that w k = 0, for instance K = {r 1 , . . . , r ℓ } with 1 ≤ r ℓ ≤ m and ℓ ∈ {1, . . . , m}, we have that the n-tuple
Proof. The proof follows from proposition 4 since the manifolds determined by equation (15) are transverse to the unit sphere since they are homogeneous of degree 2. , the linear function
is trivial if and only if there exist T k ∈ C, k ∈ {1, . . . , m} and µ ∈ R such that:
This is because the set of forms in the right-hand side of this equation is a (2m+1)-dimensional real vector space and any form of this type vanishes on
The set of forms in
is also (2m + 1)-dimensional. Indeed: for all k ∈ {1, . . . , m}, the real differential forms
are, by hypothesis, linearly independent since the hypersurfaces defined by 
Therefore the set of linear forms defined by the right hand side is exactly the set of forms that vanish identically on T X M (Λ,m,n)
Comparing coefficientes in equation (17) we have:
From equation (19) we conclude that z j = 0 for all j ∈ {1, . . . , n}. Then we have points of the form X = (w 1 , . . . , w m , 0, . . . , 0) ∈ C n+m would be solutions of equations (18) and (19) , but in this case system (15) and equation ρ ρ ρ are of the form:
It follows that w k = 0 for all k ∈ {1, . . . , m}. Then the unique point satisfying equations (18) and (19) is the origin (0, . . . , 0) ∈ C n+m , but the origin is not in M (Λ,m,n)
1
.
We conclude that α is non trivial on M (Λ,m,n)
We will denote by K α (X) the kernel of α at the point X ∈ M (Λ,m,n) 1 .
Proposition 6. Let m ≥ 1, n > 3 such that n > 2m. Then:
is such that w r = 0 for all r ∈ {1, . . . , m}, the kernel of dα at the point
is such that ℓ coordinates w r are equal to 0 for ℓ, r ∈ {1, . . . , m}, the kernel of dα at the point X ∈ T X M (Λ,m,n) 
Let
. The system (20) corresponds to:
Comparing coefficients in equation (21) we have:
idw r (v) = 2w r T r + µw r , r ∈ {1, . . . , m}.
where ι v dα = 0; in other words, vectors in the kernel of dα at X = (w 1 , . . . , w m , z 1 , . . . , z n ) are of the form:
where T k ∈ C for all k ∈ {1, . . . , m} and µ ∈ R.
Consider the condition dF
. . , T m , µ; X), where T k ∈ C for all k ∈ {1, . . . , m} and µ ∈ R:
. . , m} it follows that T k depends only on µ:
The vector v (T 1 , . . . , T m , µ; X) has to be tangent to the sphere S 2n+1 , and therefore it must satisfy the following condition:
If we consider the vector v (T 1 , . . . , T m , µ; X) with
when w k = 0 for all k ∈ {1, . . . , m}, we have that it is orthogonal to the sphere S 2n+1 since µ is real:
If w k = 0 for some k ′ s, without loss of generality we can suppose that the first ℓ coordinates w k are 0, we have:
since µ is real.
Observe that even if w k = 0 for all k ∈ {1, . . . , m}, the vector v (T 1 , . . . , T m , µ; X) is orthogonal to the sphere S 2n+1 .
Therefore at a point where w k = 0 for all k ∈ {1, . . . , m}, vectors in the kernel of dα depend on a real parameter µ, so the kernel of dα has dimension one.
Without loss of generality we suppose that the first ℓ coordinates w k are 0. We can show, as in the proof of lemma 3, that the R-linear map φ X :
Therefore at a point where ℓ coordinates w k are equal to 0 with ℓ, k ∈ {1, . . . , m}, vectors in the kernel of dα depend on 2ℓ complex numbers and a real number µ, so the kernel of dα has dimension 2ℓ + 1.
Let W ℓ be the set of points (
such that ℓ coordinates w k are equal to zero for ℓ, k ∈ {1, . . . , m}. Then W ℓ is a real analytic subvariety of M (Λ,m,n) 1 of real codimension 2ℓ.
Let v (T 1 , . . . , T m , µ; X) be a vector in ker(dα X ). We want to know when this vector is in the kernel of α X ; i.e., when v (T 1 , . . . , T m , µ; X) satisfies the following equation:
Hence, if µ = 0 and w k = 0 for all k ∈ {1, . . . , m}, we have that T k = 0 for all k ∈ {1, . . . , m}. Therefore, in the set of points
such that all coordinates w k are different from zero, the form α is a contact form. In other words, Rank dα X | Kα(X) = 2(n − 1), when w k = 0 for all k ∈ {1, . . . , m}.
If µ = 0 and ℓ coordinates w k are equal to zero with ℓ, k ∈ {1, . . . , m}, we have that [K α (X) ∩ ker(dα X )] is a 2ℓ-dimensional real subspace parametrized by ℓ complex numbers.
Definition 7. We will denote this 2ℓ-dimensional vector space at the point X ∈ W ℓ with ℓ coordinates w k equal to zero by Π ℓ (X).
Remark 8. It follows that the 2ℓ-dimensional distribution Π ℓ (X) is tangent to a foliation F ℓ . Since dα is a non degenerate closed 2-form, when restricted to the foliation F ℓ we have that F ℓ is a symplectic foliation with leaves of dimension 2ℓ. Again the leaves are the orbits of a locally-free action of R 2ℓ . For instance if the first ℓ coordinates are zero we have:
All other cases are similar after renumbering the indices.
Conductive Confoliations.
The following definitions were given by S. J. Altschuler in [1] and generalized by S. J. Altschuler and F. Wu in [2] :
is a (2ℓ+1)-manifold, the space of conductive confoliations, Con M 2ℓ+1 , is defined to be the subset of α ∈ Λ 1 M 2ℓ+1 , the vector space of differentiable 1-forms, such that
• α is a positive confoliation: * (α ∧ (dα) ℓ ) 0, where * denotes the Hodge operator with respect to some fixed Riemannian metric;
• every point p ∈ M 2ℓ+1 is accessible from a contact point q ∈ M 2ℓ+1 of α:
there is a smooth path γ :
We have that ( * α ∧ (dα) ℓ−1 ) is a 2-form which we denote by τ . Let us denote the orthogonal complement of ker(τ ) by [ker(τ )] ⊥ and by [ker(τ )] ⊥ (P ) this subspace of T P M 2ℓ+1 at the point P ∈ M 2ℓ+1 .
Observation 2.
• At a point in M where Rank dα| ker(α) = 2ℓ, the form α is a contact form on M and [ker(τ )] ⊥ = ker(α) at that point, hence dimension of [ker(τ )] ⊥ is equal to 2ℓ.
• At a point P ∈ M where Rank dα| ker(α) = 2ℓ − 2, the dimension of [ker(τ )] ⊥ (P ) is equal to two. In this case
• At a point P ∈ M where Rank dα| ker(α) < 2ℓ − 2, [ker(τ )] ⊥ (P ) = {0}.
These forms are also called transitive confoliations by Y. Eliashberg and W. P. Thurston (see [10] ), since we can connect any point of the manifold to a point where the form α is contact by a Legendrian path of finite length.
Since W is of real codimension two, by the previous results, it follows that it does not disconnect M (w 1 , z 1 
Therefore α is a positive confoliation on M
Let denote by τ the 2-form * α ∧ (dα) n−2 .
Lemma 6. Let X ∈ W . Then, there exists a smooth parametrized curve γ :
Proof. Let us fix a Riemannian metric g.
, which is orthogonal to T P (W ) at P .
Let us first show that there exists an open neighborhood U ⊂ W of X ∈ W and a smooth and non-vanishing vector field X :
Let v X ∈ L(X) be a non zero vector. Extend this vector anchored at X to a smooth vector fieldX :
→ K α (P ) be the orthogonal projection for P ∈ K. Consider the vector field defined on K by X 1 (P ) = π P (X (P )).
Then X 1 is a smooth vector field and by continuity X 1 satisfies the required property in a possible smaller neighborhood U .
is a nonvanishing vector field, defined in a possible smaller neighborhood K ′ contained in K, tangent to the foliation F (in other words Y (P ) ∈ Π(P ) for all P ∈ K ′ ). Let ϕ : K ′ → R be a smooth function that vanishes only at X (again possible in an even smaller neighborhood). Let X 2 = Y + ϕX 1 . This is a vector field defined in a neighborhood of X in W having the property that X 2 (X) = Y (X) and X 2 (P ) ∈ K α (P ) but X 2 (P ) / ∈ T(W ) for all P = X.
To finish the proof of the lemma we have that by standard extension theorems (partition of unity) there exists an extension of X 2 to a nonsingular vector field
The vector field defined by X (P ) = π P (X 3 (P )) has property that X (P ) ∈ K α (P ) for all P ∈ V and X (P ) = X 3 (P ) if P ∈ K ′ .
By multiplying the vector field X by a positive constant c > 0, if necessary, we can assume that all the solutions of the differential equation defined by the vector field cX on V are defined in the interval (−2, 2). − W is conected since W is of codimension two. This set is the set where the form α is of contact type and it follows by Darboux theorem that every two points in V can be connected by a smooth curve with non vanishing tangent vector contained in K α (a regular Legendrian curve).
By proposition 7 and lemma 6 imply that in the quasi moment-angle manifolds M (Λ,1,n+1) 1 the 1-form α defines a conductive confoliation in the sense of J. S. Altschuler and L. F. Wu, therefore α can be approximated in the C ∞ topology by a contact form. We have the following theorem:
Theorem 3. Let m = 1, n > 3, s = 1 and let Λ = (λ 1 , . . . , λ n ), with λ j ∈ C, be an admissible configuration. The manifolds
where d j = n j + · · · + n j+ℓ−1 , admit contact structures. Furthermore, by hypothesis, 2n ≤ n + m hence by a theorem of Y. Eliashberg (see [9] ) the page is Stein and is the interior of a compact manifold with contact boundary S m−2 × S n . Hence by a theorem of E. Giroux (see [11] ) S n × S m is a contact manifold.
However our construction is in some sense explicit since it is the instantaneous diffusion through the heat flow of an explicit 1-form which is a positive confoliation. such that w k = 0 for all k ∈ {1, . . . , m},
2. for X ∈ W ℓ with ℓ ∈ {1, . . . , m}, * (α ∧ (dα) n−1 )(X) = 0. To proof that α is a conductive confoliation when m > 1, n > 3 such that n > 2m, we use the following lemma: Lemma 7. Let M be a compact (2n + 1)-dimensional manifold. Let α is a positive confoliation, i.e., * (α ∧ (dα) n )(X) ≥ 0 , where * is the Hodge star operator for a given Riemannian metric. Suppose that the set
The set of points
is real analytic set of real codimension at least two, then α is a conductive confoliation.
The proof of this lemma is completely analogous to the proof of lemma 6 using the fact that S has a Whitney stratification (see [18] ).
Proof. Given a Whitney stratification of S, by Whitney conditions A and B, the intersection of ker(α) with any limit of tangent spaces of the strata of maximal dimension is a union U of linear subspaces of dimension at most 2n − 2.
Then there exists a vector
Consider the vector field on U defined by Y(P ) = π P (X (P )). At this point we can proceed exactly as in the last two paragraphs of the proof of lemma 6 to conclude that there exists a smooth parametrized curve γ :
Now we consider the curveγ :
given byγ(t) = γ(t 2 ) so that γ ′ (0) = 0. Thenγ has the property thatγ
− Σ is conected since Σ is of codimension two. This set is the set where the form α is of contact type and it follows by Darboux's theorem that every two points in V 1 can be connected by a regular Legendrian curve.
Hence proposition 8 and lemma 7 imply that in the quasi moment-angle manifold M (Λ,m,n) 1 the 1-form α defines a conductive confoliation in the sense of J. S. Altschuler and L. F. Wu and therefore α can be approximated in the C ∞ topology by a contact form.
We summarize all in the following result: 
Concluding Remarks.
Recall, for m > 1 and n > 3 such that n > 2m the submanifold M (Λ,m,n) in C m+n − {(0, . . . , 0)}, which was defined before by the equation
where
C m for all j ∈ {1, . . . , n} and Λ = (λ λ λ 1 , . . . , λ λ λ n ) is an admissible configuration. The following proposition shows that in fact there is a relation between classical and quasi moment-angle manifolds, when m > 1.
Thenp is a differentiable branched covering of order 2 m . It is singular precisely in
Furthermore,p induces a differentiable branched covering
Proof. Clearlyp is surjective since we can choose (z 1 , . . . , z n ) = 0 arbitrarily and then find (w 1 , . . . , w m ) from (22) so that (w 1 , . . . , w r , z 1 , . . . , z n ) ∈ M (Λ,m,n) . Direct calculation shows that if a point X = (w 1 , . . . , w m , z 1 , . . . , z n ) ∈ M (Λ,m,n) is such that w 1 w 2 . . . w m = 0 thenp is a local diffeomorphism in a neighborhood of X.
Ifp −1 (z 1 , . . . , z n ) contains a point X = (w 1 , . . . , w m , z 1 , . . . , z n ) such that w j = 0 for exactly ℓ indices j then the cardinality ofp −1 (z 1 , . . . , z n ) is 2 ℓ .
Let us us recall that M (Λ,m,n) ⊂ C m+n is a deleted complex cone with vertex the origin of C n+m . For a point X = (w 1 , . . . , w m , z 1 , . . . , z n ) ∈ M (Λ,m,n) consider the ray R(X) = {t (w 1 , . . . , w m , z 1 , . . . , z n ) | t > 0} .
Thenp sends bijectively R(X) onto the ray throughp(X):
R (p(X)) = {t (z 1 , . . . , z n ) | t > 0} , then the map :
is the required branched covering of order 2 m .
There is another way to describe this branched covering. Let G = Z 2 = {1, −1} be the multiplicative group with two elements. There exists a natural action of (w 1 , . . . , w n , z 1 , . . . , z n ) = (w 1 , . . . , w n , u 1 z 1 , . . . , u n z n ) , u = (u 1 , . . . , u n ) ∈ T n .
Let us describe the orbit space of this action of T n and the corresponding moment map. Define m : M Since by hypothesis Λ is admissible it follows that P (Λ) is a full polytope of dimension 2m with n vertices.
Its Gale transformP (Λ) is a convex polytope of dimension n − 2m − 1: . . . , t n ) ∈ R n | t j ≥ 0 for j ∈ {1, . . . , n}, In general, for w := (w 1 , . . . , w m ) ∈ P (Λ) one has that m −1 (w 1 , . . . , w m ) = P w (Λ), where P w (Λ) is the simple convex polytope of dimension n − 2m − 1: , t = (t 1 , . . . , t n ) ∈ P w (Λ) .
This is a polytope of dimension n−1 and it is combinatorially the product of P (Λ) withP (Λ). Furthermore P(Λ) is the orbit space of the action of T n on M is completely described by the combinatorics of P(Λ), P (Λ) andP (Λ).
From the above discussion we see that quasi moment-angle manifolds are also toric spaces (see [6] ) and their topology is analogous to the moment-angle manifolds. Their topology is very rich and it is essentially reduced to combinatorics like classical algebraic toric or quasi-toric varieties (see [7] , [6] and [3] ).
In conclusion: we have shown that quasi moment-angle manifolds give new examples of contact manifolds with very rich topology and in arbitrarily large dimensions.
